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Abstract
Thermodynamic properties of dark energy are discussed assuming that dark energy
is described in terms of a selfinteracting complex scalar. We first show that, under cer-
tain assumptions, selfinteracting complex scalar field theories are equivalent to purely
kinetic k-essence models. Then we analyze the themal properties of k-essence and in
particular we show that dark-energy in the phantom regime does not necessarily yield
negative entropy.
1 Introduction
A motivation for and importance of studying the dark energy (DE) thermodynamics can be
summarized in the following questions: Does a DE fluid possess thermal, besides hydrody-
namical, properties such as temperature? What is the thermodynamical fate of the Universe?
Can DE cluster? In a number of recent papers [1, 2, 3, 4, 5, 6, 7, 8, 9], thermal properties of
dark energy have been discussed based on the assumption that the dark energy substance is
a thermalized ensemble at certain temperature with an associate thermodynamical entropy.
Here we hope to shed some light on a rather peculiar thermodynamic related properties of
DE often discussed in the literature. These may be illustrated by a few statements taken
from recent papers: DE becomes hotter if it undergoes an adiabatic expansion [2]. Phantom
DE violates the null energy condition and hence either its entropy or its temperature must be
negative [5, 8]. A negative temperature implies either that the phantom should be quantized
or that its space-time should be Euclidean [3].
The essential feature of DE is that its pressure must be negative in order to reproduce
the accelerated expansion of the Universe. Hence, the DE equation of state violates the
strong energy condition. The simplest DE model, the cosmological constant, is basically the
vacuum energy, with the equation of state p = −ρ. As a consequence, in the course of the
Universe evolution, the vacuum energy density remains constant and its thermal properties
are trivial. In other DE models with more complicated equation of state (EOS) the energy
density varies with time. A number of models, such as quintessence [10] and k-essence [11],
are based on scalar field theories. To this class belong also the so called quartessence models
[19], where the term quartessence was invented to denote the unification of dark energy and
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dark matter. A very popular class of models is the phantom DE, the EOS of which violates
even the null energy condition (NEC), i.e, in these models (p + ρ) < 0. For an excellent
recent review of DE models, see [12]).
Dark energy is usually described by an EOS in the barotropic form, i.e., in the form
p = p(ρ). Equivalently, one may define a field theory Lagrangian, in which dark energy is
described in terms of a classical selfinteracting field coupled to gravity. Then, the EOS may
be deduced from the energy-momentum tensor obtained from variational principle. From
the EOS alone it is not possible to uniquely determine the thermodynamic properties of a
system. One simple example is the EOS p = ρ/3 which may describe a massless boson gas
at T 6= 0 (hence S 6= 0) but also a massless degenerate Fermi gas at T = 0 (hence S = 0).
A similar situation occurs for any barotropic EOS.
The purpose of this paper is twofold. First, we would like to demonstrate that, under
reasonable assumption in the cosmological context, the ghost condensate and purely kinetic
k-essence models are equivalent to standard, selfinteracting complex scalar field theories.
Second, we analyze the thermal properties of a grand canonical DE gas described by purely
kinetic k-essence with a chemical potential that corresponds to a conserved charge. The
conserved charge Q is related to the shift symmetry φ → φ + const which corresponds to
to the U(1) symmetry of the equivalent complex scalar field theory. Hence, the conserved
quantity Q corresponds to the usual U(1) charge of a complex scalar field. In this way a
consistent grandcanonical description of DE involves the thermodynamic equations with two
variables: the temperature T and chemical potential µ.
2 Thomas-Fermi correspondence
Consider the Lagrangian
L = ηgµνΦ∗,µΦ,ν − V (|Φ|2/m2) (1)
for a complex scalar field
Φ =
φ√
2
exp(−imθ). (2)
where the potential V may contain the mass term m2|Φ|2 and higher order selfinteraction
terms. Here η = 1 for a canonical scalar field and η = −1 for a phantom. The field Φ
satisfies the Klein-Gordon equation of motion
1√−g (
√−ggµνΦ,ν),µ + dV
d|Φ|2Φ = 0 (3)
If the space-time variations of |Φ| are small on the scale smaller than m−1, i.e. assuming
φ,µ ≪ mφ , then the Thomas-Fermi (TF) approximation [13, 15] applies and the derivatives
of Φ may be calculated as Φ,µ = −imΦθ,µ. Hence, neglecting gµνφ,µφ,ν/m2, the Lagrangian
(1) may be written as
LTF/m4 = XY − U(Y ) , (4)
where we have introduced the abbreviations
X = gµνθ,µθ,ν ; Y = η
φ2
2m2
, (5)
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and the dimensionless potential
U(Y ) =
1
m4
V (ηY ). (6)
The equations of motion for the field φ and θ are
X − UY = 0 , (7)
(Y gµνθ,ν);µ = 0, (8)
where UY = dU/dY . The set of equations (7), (8) is basically a reduced Klein-Gordon
equation (3). Equation (5) implies ηY > 0. Assuming X > 0 and hence
UY > 0, (9)
the field θ may be treated as a velocity potential for the fluid 4-velocity
uµ = gµνθ,ν/
√
X , (10)
satisfying the normalization condition uµu
µ = 1. As a consequence, the energy-momentum
tensor T µν obtained from the Lagrangian (4)
Tµν = 2
∂LTF
∂X
θ,µθ,ν − LTFgµν (11)
takes the perfect fluid form,
Tµν = (ρ+ p)uµuν − pgµν (12)
with the parametric equation of state
ρ/m4 = Y UY + U, p/m
4 = Y UY − U. (13)
A perfect fluid description applies only if (9) holds which, generally, may not be true for the
entire range 0 ≤ ηY ≤ ∞. For a canonical field (η = 1) the fluid is perfect for those Y for
which dV/d|Φ|2 > 0. In contrast, a phantom field (η = −1) behaves as a perfect fluid when
dV/d|Φ|2 < 0.
Owing to (7) and the obvious relation ∂LTF/∂X = m4Y equation (4) may be written as
a Legendre transformation
W (X) + U(Y ) = XY (14)
with
X = UY (15)
Y = WX (16)
where WX = dW/dX . Equation (14) with (15) and (16) defines an equivalence relation. We
say that potentials W (X) and U(Y ) are TF equivalent to each other. Given U ≡ V (ηY )/m4,
the potential W (X) can be found by solving (15) for Y and plugging the solution in (14).
More explicitly
W (X) = XU−1Y (X)− U(U−1Y (X)), (17)
where U−1Y is the inverse function of UY . Similarly, if W (X) is known, the potential U may
be derived in the same way.
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The potential W (X) that is TF equivalent to U(Y ) describes a field theory with the
Lagrangian
L = m4W (X) ; X ≡ gµνθ,µθ,ν (18)
which depends only on the derivatives of a scalar field θ. The equation of motion for θ
(WXg
µνθ,ν);µ = 0 (19)
is equivalent to (8). However, the field theories described by the Lagrangians (4) and (18),
respectively, are equivalent only at the classical level, since the Lagrangian (18) is obtained
from (4) by eliminating one degree of freedom with help of the equation of motion (7).
Quantum mechanically, these two field theories describe different physics.
The energy-momentum tensor constructed from the Lagrangian (18) is of the form (12),
with the parametric equation of state
ρ/m4 = 2XWX −W, p/m4 =W. (20)
This equation describes an ordinary fluid for WX > 0 and phantom for WX < 0. The above
mentioned equivalence between the two theories may be seen by noting that equations (13)
and (20) are different parameterization of the same equation of state. This may be easily
verified by applying (15) as a reparameterization of (20).
Consider a few examples:
2.1 Higgs potential
The quartic potential for a complex scalar field is given by
V4(Φ) = V0 ±m2|Φ|2 + λ|Φ|4 (21)
where the − sign in front of the mass term gives the Higgs potential. The potential may be
written as V4 = V0 + V±(|Φ|2/m2) with
U±(Y ) ≡ 1
m4
V±(ηY ) = λ
(
ηY ± 1
2λ
)2
− 1
4λ
. (22)
Solving (14) we find
W±(X) =
1
4λ
(ηX ∓ 1)2 . (23)
In the example of ghost condensate explored in [14] the potential W (X) = (X − 1)2
defined on the domain X > 1 is TF equivalent to the canonical quartic potential V+ with
η = 1. The same potential on the X < 1 domain is TF equivalent to the phantom Higgs
potential V− with η = −1.
2.2 Chaplygin gas
In contrast to the standard assumption that dark matter and dark energy are distinct, there
stands the hypothesis that both are different manifestations of a single entity. The first
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definite model of this type [16, 15, 17] is based on the Chaplygin gas, an exotic fluid with
an equation of state
p = −A
ρ
(24)
Subsequently, the generalization to
p = − A
ρα
; 0 ≤ α ≤ 1 (25)
was given [18] and the term ‘quartessence’ coined [19] to describe unified dark matter/energy
models.
One of the most appealing aspects of the original Chaplygin gas model is that it is
equivalent to the Dirac-Born-Infeld description of a D-brane in string theory. [20, 21]. This
may be seen as follows [22]. Consider a p-dimensional D-brane with coordinates xµ, µ =
0, 1...p, moving in the p+1-dimensional bulk with coordinates Xa, a = 0, 1...p + 1. In the
string frame the action is given by [23]
SDBI = −
√
A
∫
dp+1x
√
(−1)p det g(ind) (26)
where g(ind)µν is the induced metric or the “pull back” of the bulk space-time metric Gab to
the brane,
g(ind)µν = Gab
∂Xa
∂xµ
∂Xb
∂xν
. (27)
Let us choose the coordinates such that Xµ = xµ and let the p+1-th coordinate Xp+1 ≡ θ
be normal to the brane. From now on we set p = 3 and consider a 3-brane universe in a 4+1
dimensional bulk. Then
Gµν = gµν ; µ = 0, ..., 3; Gµ4 = 0; G44 = −1 . (28)
After a few straightforward algebraic manipulations, the DBI action may be written as
SDBI =
∫
d4x
√
− det g LDBI ; LDBI = −
√
A
√
1−X (29)
where X is given by (5). The energy-momentum tensor constructed from this Lagrangian
takes the perfect fluid form (12) with
ρ =
√
A√
1−X p = −
√
A
√
1−X (30)
From this the Chaplygin gas equation. of state (24) follows.
Using W (X) = LDBI/m4, where m4 =
√
A/2, we find the TF equivalent
U(Y ) = Y +
1
Y
. (31)
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2.3 Symmetry breaking and condensation
Consider the Lagrangian (1) for a complex scalar field with the potential V (y) ≥ 0 that
possesses a minimum at some point y0 ≡ φ20/(2m2), i.e., assume that there exists a point
where dV/dy = 0 and d2V/dy2 > 0. In this case a spontaneous breakdown of U(1) symmetry
of the Lagrangian (1) will take place. One of the components of the field |Φ| will have a
nonzero vacuum expectation value such that the classical part of the field satisfies |Φ|2 =
φ20/2. There will be two quantum modes fluctuating around the minimum, one of them
massive and the other one massless (Goldston boson). A typical example is the Higgs
potential V4 in (21) with the “wrong” sign of the mass term. The minima are obviously
placed at positions satisfying φ20 = m
2
0/λ. Another example is the Chaplygin gas potential
(31)
VCh = m
4
( |Φ|2
m2
+
m2
|Φ|2
)
. (32)
with the minima at Φ20 = m
2. In the neighborhoods of the minima, this potential closely
resembles (21) which may be seen by expanding (32) around a minimum and identifying
V0 ≡ 3m4, m20 ≡ 2m2, and λ ≡ 1.
In the neighborhood of a minimum, i.e., of a point y0 where dV/dy = 0 and d
2V/dy2 > 0,
the solution will adiabatically role towards the minimum. Hence, we may assume that the
solution is almost static. One finds three phases of the condensate corresponding to three
types of solutions according to the sign of dV/dy:
i) y > y0. In this region dV/dy > 0. A configuration that solves Eqs. (7) and (8) may
be represented in terms of a self gravitating perfect fluid with the 4-velocity
uµ = gµνθ,ν
(
1
m4
dV
dy
)−1/2
, (33)
and with the equation of state given in a parametric form (13). In this case the dominant
energy condition ρ ≥ 0; ρ ± p ≥ 0 holds and the corresponding set of solutions describe a
canonical phase.
The reduced Klein-Gordon equation (7), (8) may be further simplified in the comoving
reference frame, i.e., in the frame where the 4-velocity takes the form uµ = δµ0 /
√
g00. As a
consequence of this and (33) the field θ is now a function of t only. Furthermore, Eq. (8)
gives
θ =
µ
m
t + const (34)
where the constant µ is the chemical potential associated to the conservation of U(1) charge
[24, 25]. Equation (7) degenerates now into an algebraic equation
µ2g00 − 1
m2
dV
dy
= 0 (35)
which relates the metric to the field φ. The quantity µ is introduced in the Euclidean path
integral by replacing the derivative with respect to the Euclidean time τ = it with
∂
∂τ
→ ∂
∂τ
± µ, (36)
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where the + or − sign is taken when the derivative acts on Φ∗ or Φ, respectively.
ii) y < y0. In this region dV/dy < 0. The procedure similar to i) may be repeated for
η = −1. The velocity of the fluid is now defined as
uµ = gµνθ,ν
(
− 1
m4
dV
dy
)−1/2
, (37)
and we have a perfect fluid with the EOS given by (13) as before but ρ + p < 0 so that
the null and the dominant energy conditions are now violated. In the neighborhood of the
minimum the field θ is again given by (34) and the chemical potential is defined by
m2µ2g00 +
dV
dy
= 0 (38)
The solutions to (7), (8) represent the Bose-Einstein condensate of the phantom field. Hence,
this type of solutions may be called the phantom phase.
iii) y = y0. This point is special. At this point dV/dy = 0 and equations (7) and (8)
yield a cosmological constant type EOS
p = −ρ. (39)
The equilibrium solutions are configurations of constant density ρ = V (y0). This set of
solutions describes the de Sitter phase. Since the chemical potential µ is now equal to 0, the
condensation is due to the spontaneous symmetry braking rather than due to an excess of
positive or negative charge as in the case of Bose-Einstein condensation at µ 6= 0.
3 Thermodynamics of purely kinetic k-essence
We will base our thermodynamic analysis on a purely kinetic k-essence action
S =
∫
d4x
√−g
[
− R
16piG
+ L(X)
]
, (40)
with L in the form of (18). The Lagrangian L depends only on variable X defined in (5) with
the field θ of dimension m−1. Such theories have been exploited as models for inflation and
dark matter/energy, e.g., purely kinetic k-essence [26, 11, 27] or ghost condensate [14, 28, 29].
A perfect fluid description applies for X > 0. Furthermore, equation (16) implies ηWX >
0, which means that the domains where WX > 0 correspond to a canonical scalar field
Lagrangian (1) and those where WX < 0 to a phantom. In particular, if in the neighborhood
of X = 0, W ∼ ηX , then for η = 1 the kinetic term is canonical and for η = −1 is of
phantom type. The field described by the Lagrangian (18) that behaves as a phantom near
X = 0 is sometimes called a “ghost”.
The hydrodynamic quantities associated with eq. (40) are
p = L ; ρ = 2XLX − L., (41)
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and the fluid 4-velocity is given by (10. Obviously, the EOS defined by (41) in parametric
form is barotropic. Next, we start from the standard thermodynamical relation
d(ρV ) = TdS − pdV, (42)
where V is the volume and S is the entropy. If there exist a conserved charge Q with the
corresponding charge density n the volume V = 1/n, up to a constant factor. Equation (42)
may then be written in the form
dρ = Tds+ µdn (43)
where s = S/V is the entropy density and we have introduced the chemical potential
µ =
ρ+ p− Ts
n
(44)
associated to the conserved charge Q. In this way we define a grand-canonical ensemble
in which the thermodynamical quantities p, ρ and s are functions of two variables µ and
T . Equation (44) is nothing but the standard grand-canonical expression for the entropy
density
sT = p+ ρ− µn. (45)
Taking the derivative of this equation and combining it with (43) we find that the entropy
and charge densities may be expressed as partial derivatives of p
s =
∂p
∂T
∣∣∣∣∣
µ
n =
∂p
∂µ
∣∣∣∣∣
T
(46)
Using this and (45) we find another useful relation
p+ ρ = T
∂p
∂T
+ µ
∂p
∂µ
(47)
which may help us to narrow the arbitrariness in functional dependence on T and µ. It
is clear from (45) that if µ = 0 the positivity of entropy requires p + ρ ≥ 0. Hence, one
could conclude that a phantom field must necessarily yield a fluid with a negative entropy.
However, this conclusion is incorrect since generally µ 6= 0 and the entropy density given
by (45) need not be negative. In fact, as we will shortly demonstrate, for an arbitrary
temperature T it is always possible to find a range of µ such that s ≥ 0.
From (41) and (47) it follows that the variable X as a function of T and µ satisfies a
partial differential equation
T
∂X
∂T
+ µ
∂X
∂µ
= 2X. (48)
The most general solution to this equation is a homogeneous function of 2nd degree which
may be written as
X =
µ2
m2
f(T/µ) (49)
or equivalently
X =
T 2
m2
g(µ/T ) . (50)
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Here f is an arbitrary positive dimensionless function of x ≡ T/µ and the function g is
related to f by f(x) = x2g(1/x). The entropy density may be calculated from (46). With
(41) and (50) we find
s = XLX 1
µ
f ′
f
(51)
Now we require S > 0 at T 6= 0 and S = 0 at T = 0. From the latter requirement it follows
f ′(0) = 0. The requirement S ≥ 0 and the condition ηLX > 0 imply ηµf ′ > 0 for T 6= 0. A
simple nontrivial function that satisfies the above conditions is, e.g.,
f = C1 + ηC2x
2 (52)
where C1 and C2 are arbitrary positive constants. However, in the phantom case the posi-
tivity of f puts an additional constraint on µ and T :
T
µ
≤ C1
C2
(53)
4 Chemical potential
The equation of motion (19) for the field θ is in fact a conservation equation for the current
jµ = 2m3WXg
µνθ,ν . (54)
The current conservation is related to the symmetry under the constant shift θ → θ + c of
the scalar field θ. The conserved charge is defined as
Q =
∫
Σ
jµdΣµ =
∫
Σ
nuµdΣµ (55)
where the integration goes over an arbitrary spacelike hypersurface Σ that contains the
charge. Using the definition (10) for the velocity, we obtain the charge density as
n = 2m3
√
XWX (56)
In the Hamiltonian formulation [30] we choose the hypersurface Σ at constant time so that
the total charge (55) becomes a volume integral
Q = 2m3
∫
V
WXg
0νθ,νdV (57)
The current (54) corresponds to the Klein-Gordon current
jµKG = ig
µν(Φ∗Φ,ν − ΦΦ∗,ν), (58)
which is the conserved current in the TF equivalent theory.
Next, we introduce the chemical potential µ associated to the conserved charge (55).
To find the effective Lagrangian that contains the chemical potential we start from the
grandcanonical partition function
Z = Tr e−β(Hˆ−µQˆ) =
∫
[dpi]
∫
periodic
[dθ] exp
∫ β
0
dτ
∫
dV
(
ipi
∂θ
∂τ
−H + µ
m
pi
)
, (59)
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where β = 1/T , pi is the conjugate momentum field and the Hamiltonian density H is related
to L by the usual Legendre transformation. A formal functional integration of (59) over pi
yields the partition function expressed in terms of the effective Euclidean Lagrangian
Z =
∫
periodic
[dθ] exp−
∫ β
0
dτ
∫
dV LE(θ, µ) . (60)
Unfortunately, the analytic functional integration is generally not possible. Nevertheless, in
the in the saddle point approximation we find
− LE = L(i ∂θ
∂τ
+
µ
m
, θ,i) (61)
Hence, the effective Lagrangian is obtained from the Lagrangian (18) by replacing the deriva-
tives of the field θ by
θ,ν → θ,ν + µ
m
δ0ν . (62)
Note the difference and similarity with the Euclidean field theory prescription (36) for a
canonical complex scalar field.
We now check the consistency of the prescription (62) with the solution (49). To do that,
it is useful to work in the comoving reference frame i.e., in the frame where the 4-velocity
takes the form uµ = δµ0 /
√
g00. Comparing this with the definition of the 4-velocity (10) we
conclude that θ is a function of t only. Then
X = g00(θ,0 + µ/m)
2. (63)
This compared with the general expression (49) implies θ,0 = 0, T = 0, and S = 0. Hence,
we conclude that the consistency of (62) with (49) implies zero temperature and zero entropy
for a general purely kinetic k-essence type of theory.
Two remarks are in order. First, one should bear in mind that this result is obtained using
the effective Euclidean Lagrangian (61) derived in a saddle point approximation. Second, the
solution (49) is classical whereas the partition function (60) generally represents quantum
and thermal fluctuations of the field θ.
5 Summary and conclusion
Using the Thomas Fermi correspondence we have shown that a general DE model based on
a complex scalar field theory can be equivalently represented by a purely kinetic k-essence
modell. Our thermodynamic analysis of purely kinetic k-essence shows that the entropy
is positive or zero and need not be negative for phantom theories contrary to the claims
often stated in the recent literature (see, e.g., [8] and references therein) that a violation
of NEC implies negative entropy. Furthermore, using the grandcanonical partition function
derived in a saddle point approximation of the functional integral over conjugate momenta
and comparing the effective Euclidean Lagrangian with the quintessence equation of state
we obtain quite generally the chemical potential µ 6= 0 but the temperature T = 0 and
the entropy S = 0. In principle, nontrivial thermal contributions can be obtained from
quadratic fluctuations of the field around the classical solution. However this would go
beyond the scope of this paper and will be done elswhere.
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